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A Theory of Asymmetric Hypersonic Blunt-Body Flows

Ruporpr J. SwigarT*
Lockheed Missiles and Space Company, Palo Alto, Calif.

Two-dimensional asymmetric and three-dimensional inviscid blunt-body flows are analyzed
using a new method. The method is inverse, that is, the shock-wave shape and freestream
conditions are taken as known, and the body shape and flow field are to be determined. Re-
sults at zero angle of attack are obtained as a special case of the general problem. Solutionsat
zero angle are calculated for a variety of body shapes at freestream Mach numbers ranging from
infinity to 1.85. The ratio of specific heats, v, is taken as 1.4. Comparison with results obtained
using Van Dyke’s and Garabedian’s numerical solutions indicates that the method under
consideration is more accurate than the Van Dyke method for determining stand-off distance.
Solutions are obtained for parabolic and paraboloidal shock waves at small angle of attack and
infinite freestream Mach number; v assumes the values 1.4, 1.2, 1.1, and 1.05. For all cases,
the streamline that wets the body passes through the shock wave slightly above the point
“where the shock is normal and thus does not possess maximum entropy. These results pro-
vide counter examples to the conjecture that any isolated convex body in a supersonic stream

is wetted by the streamline of maximum entropy.

I. Introduction

OR more than a decade, theoreticians interested in high-
speed gasdynamics have been seeking a solution to the
blunt-body problem that combines the advantages of
minimum computational difficulty with maximum accuracy
of results. Physically, the problem under consideration is the
following. A blunt-nosed configuration is traveling through
a uniform gas at a flight Mach number greater than unity. A
detached shock wave forms ahead of the body at a position
depending on the body shape, flight direction and Mach
number, and certain physical properties of the gas. The gas
ahead of the shock wave is unaffected by the presence of the
body. It is desired to determine the flow properties (e.g.,
velocity, pressure, density) in the region between the shock
and the body. In general, this region may be divided into two
subregions, depending on the magnitude of the local flow Mach
number with respect to unity. The locus of points at which
the local flow Mach number is unity is called the sonic line.
If one considers steady flow relative to the body and denotes
by M and M, the freestream and local Mach numbers, respec-
tively, then an example of the foregoing situation is depicted
in Fig. 1.

Mathematically, the problem considered is governed by
highly nonlinear differential equations in a domain possessing
a free boundary along which initial values may be determined
if the boundary shape and freestream conditions are known.
The governing equations are of elliptic type in the subsonic
region (M; < 1) and of hyperbolic type in the supersonic re-
gion (M; > 1). The initial-value problem for hyperbolic
equations is well posed and yields to solution using the well-
known theory of characteristics. The initial-value problem for
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elliptic equations, however, is posed poorly, and much of the
effort expended on the blunt-body problem has been confined
to its solution in the subsonic region. Attempts have been
made to solve the problem by both inverse and direct methods.
In the inverse method, the shape of the detached shock and
the freestream conditions are preseribed, and the correspond-
ing body shape and flow field are to be determined. In the
direct method, the body shape and freestream conditions are
prescribed, and the corresponding shock-wave shape and flow
field are to be determined. References 1 and 2 contain de-
tailed reviews of and extensive references to previous work
for plane-symmetric and axisymmetric shapes at zero angle of
attack, i.e., bodies whose flight direction is parallel to the
body axis of symmetry.

The methods now in popular use for solving the zero-angle
problem in the entire subsonic region to a high degree of
accuracy are numerical in nature and require the use of high-
speed electronic computing machines. Two such methods are
Van Dyke’s® approach to the inverse problem and Belot-
serkovskii’s? solution to the direct problem. Van Dyke’s
analysis essentially reduces the solution of the conservation
equations for steady, inviscid flow of a perfect, non-heat-
conducting gas to numerical integration of two coupled partial
differential equations for the density and stream function.
Belotserkovskii, on the other hand, by assuming a polynomial
variation between the shock and body for certain flow quanti-
ties, reduces the problem to integration of ordinary differen-
tial equations. Practical experience has shown that both of
these methods require a large amount of skill on the part of the
numerical analyst in order to obtain satisfactory solutions for
other than simple body shapes such as spheres or circular
cylinders. Hence, even though these methods yield fairly
high accuracy, they possess a moderate amount of computa-
tional difficulty.

In contrast to the zero-angle problem, comparatively little
effort has been expended on the problem of the blunt body at
angle of attack in either the two-dimensional or three-dimen-
sional cases. Both Mangler’ and Vaglio-Laurin and Ferri®
suggest computational methods for attacking such problems,
but neither presents results using the analyses proposed. They
both obtain solutions to the zero-angle inverse problem by
introducing the stream function as an independent variable
through a von Mises transformation. The resulting partial
differential equations are then numerically integrated from
the shock to the body using a marching technique. Mangler
suggests an extension of this marching technique to the three-
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dimensional angle-of-attack problem formulated in terms of a
pair of stream functions. The approach of Vaglio-Laurin
and Ferri to the problem of the blunt body at incidence in-
volves a first-order perturbation of the flow variables about
their zero-angle values.

Vaglio-Laurin’ has developed another approach to the
blunt-body problem at zero or finite incidence which involves
the successive refinement of an approximate solution by ap-
plication of the PLK method. Results for configurations at
both zero and finite angle of attack using the analysis are
presented in Ref. 7.

The success, however, of Mangler’s and Vaglio-Laurin’s
methods for the solution of the angle-of-attack problem de-
depends on an assumption regarding a basic property of asym-
metric supersonic flows. The assumption is that the body is
covered by the streamline that crosses the shock at right
angles and thus possesses maximum entropy in the flow be-
tween the shock wave and body. Mangler has conjectured
that such a condition might be a feature of any flow, whereas
Vaglio-Laurin (Ref. 7, p. 19) purportedly has proven this to
be true for two-dimensional asymmetric configurations.
However, the proof has been found to be faulty, and Vaglio-
Laurin is in accord with this conclusion.?”

The analysis that follows yields solutions for two- and
three-dimensional supersonic and hypersonic flow past blunt
bodies at small angles of incidence. The method is an inverse
one, that is, the shock-wave shape, freestream conditions, and
angle of incidence of the shock wave are known, and the cor-
responding body and flow field are to be obtained. The equa-
tions of motion are solved using a semi-analytical, semi-
numerical approach that reduces the problem to numerical
integration of ordinary differential equations. The solution
may be carried to any desired degree of accuracy and requires
no extensive numerical analytical skill. Moreover, no as-
sumption need be made regarding the behavior of the maxi-
mum-entropy streamline. Tts position in the flow is obtained
as part of the solution. Results at zero incidence are obtained
as a special case of the general problem. Although the ex-
amples chosen are for specific shock shapes and, in the ma-
Jjority of cases, a specific-heat ratio of 1.4, the analysis is per-
formed for the general case. The method of extension to
higher angles is obvious and introduces no new difficulties.

II. Analysis
A. Coordinate System

The coordinate system adopted is that developed by Van
Dyke.? The detached shock wave is deseribed by a conic sec-
tion so that it is a portion of a hyperboloid of revolution,
paraboloid, prolate ellipsoid, sphere, or oblate ellipsoid. In
cylindrical polar coordinates originating from its vertex, any
such shock has the equation

r* = 2R — Ba? 1)

where R, is the nose radius of the shock and Bis a parameter
characterizing the eccentricity of the conic section; B is
negative for hyperboloids, zero for paraboloids, positive for
ellipsoids, and unity for a sphere.

An orthogonal coordinate system (&%) that contains the
shock wave as a coordinate surface is defined by

v/R, = (1/B){1 — [(1 — B&(1 — B+ Bp)]V?} (2)

r/Rs =& (2b)
Special cases are, for the parabola (B = 0),
a/Re = 31 + £ — 77 (2¢)
and for the circle (B = 1),
a/Ry =1 — 71 — g (24d)

The shock wave is described by 7 = 1.
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Fig. 1 Flow-field characteristics of a blunt body in
hypersonic flight

In this coordinate system, with the azimuthal angle ¢ as the
third orthogonal coordinate, the differential line element ds is
given by
ds® = g + holdn® + hy’de?
(C$2 + 7 g + P

1 — Bg C + Bn?

= ag + dn? + v£2772d¢2> R2 (3)
where C = 1 — B. Here » is a geometric parameter, being 0
for plane and 1 for axisymmetric or three-dimensional flow.

B. Differential Equations, Initial Conditions, and Method
of Solution

Denote by q, p, and p the velocity, density, and pressure
nondimensionalized with respect to the freestream speed g,
the freestream density p.., and twice the freestream dynamic
pressure p.g.?, respectively. Then, the equations expressing
conservation of mass, momentum, and entropy for steady in-
viscid flow of a perfect, non-heat-conducting gas having con-
stant specific heats are

V-(pq) = 0 (4a)
pe-Vg + Vp = 0 (4b)
q-V{p/p") =0 (4¢)

where 7 is the adiabatic exponent.
One sets B, = 1 without loss of generality. Equations
(4a—4c) become, in (£,7,¢) coordinates,

S (CE 4 7\ L (CE + pP\1/2
[(Eﬂ) (O T Bn2> pu:L + [(En) (1_:§§> pv:L +
CE 4 ¢
{[(1 — BE)(C + By PW}w =0 (5)

3 Cév? C + By2\12 7
P [““f e+t <1 = B?) v <“ tee+ n2)+

C 2 2\ 1/2 2
= (—f_“};) uy — %] 4 g =0 (5b)

nu? 1~ Bg2\1z Cev
”[””"“ cerp’ <C+Bn2> “ (”5 teer 772>+

C2_|_ 2 1/2 2
%(054—3‘772) ”"—w?]””zo (5
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l—B£2>”2<£> <C’+Br)2>1/2<£)
u(052+n2 oY e+v ce+ pY n+

wiipy _
] <p7>¢ 0 &)

Here u,», and w are the components of q in the £,%, and ¢
directions, and subscripts £,7, and ¢ denote partial differentia-
tion in the usual sense.

2r—

SECTION A-A (v=1)

Fig. 2 Parabolic or paraboloidal shock wave at angle of
attack

Since the method of solution varies slightly between the
two- and three-dimensional cases, departure will now be taken
from a concurrent treatment.

1. Plane flow
Equations (5a—5e) apply with v = w = 0/0¢ = 0. The
first (continuity) equation is satisfied by introducing a

stream function defined by
_ 052 4+ 7’2 1/2 B ___<C£2 + .,'2>1/2
¥ = (H0+Bn2) o w=—(T55) m ©
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Then the last (entropy) equation simply states that
p = pf(¥) (7

where the functional form of f is determined by the boundary
conditions at the shock. Using Eq. (7) to eliminate the pres-
sure from the equations of motion yields

[7 %%%fpﬁl - tﬁsz] &= Yt +
s (v o+ TERE v) = ety — et % —
BEBQ bet = SEET oy, 60
Vel = Vb + 4 (4622 = 4, 22) =
Gt (T B W W)~ o g Vet

cetn ., e I
where f/ denotes the derivative of f with respect to its argu-
ment.

Thus far, the attitude of the body with respect to the free-
stream, or, since the inverse problem is being considered, the
angle of the uniform freestream with the shock axis of sym-
metry has not entered into the mathematical formulation.
The angle of attack of the shock will, however, appear in the
boundary conditions and in the explicit expression for f(¢).
These conditions will be derived by employing MecLaurin
series expansions about zero angle of attack and retaining
first-order terms in shock angle of attack, e. Setting e equal
to zero recovers the zero-angle conditions.

Moreover, in the angle-of-attack problem, the position in
the flow ahead of the shock wave of the streamline that wets
the body is not known a priori but must be obtained as part of
the solution. A fundamental question in the analysis of hyper-
sonic flows past inclined blunt bodies concerns the behavior of
this streamline. It has been conjectured® 7 that any isolated
convex body in a uniform supersonic stream is covered by the
fluid of maximum entropy in the flow, This means that the
stagnation streamline must have crossed the bow shock where
it is a normal shock wave. To determine the position of the
stagnation streamline in the freestream and thus possibly
disprove the conjecture, the formulation of the angle-of-
attack problem requires the introduction of an additional
parameter & (Fig. 2). The quantity 6 is a measure of the dis-
tance of the body streamline in the freestream from a given
reference line. This reference line is at angle e to the z axis
and, in general, is taken to pass through the point z/R. = 1/B,
r/R, = 0. However, in the singular case of the parabola
(B = 0), the reference line is taken through the focus of the
parabola (z/R; = %, r/R, = 0).

Values of u,v,p,p Just behind the shock wave (n = 1) are
found from the oblique shock relations (e.g., Ref. 8) in terms
of the angle that the tangent to the bow wave makes with the
freestream direction. Expressing this angle in terms of the
slope of the bow wave, (1 — B£)'2/B and e, using Egs. (6),
and retaining first-order terms in € results in the initial condi-
tions

(v + DM?[1 — BE — 2¢£(1 — BE)'?]

p =

and gives for the function f(¢)

(v = DM?[1 — BE — 2¢£(1 —

— 2)1/2
¢=E+e[(1—%€l—+6]

BE) + 201 + CEY)

Yo = plE+ el — BEYYY]  at g=1 (a)
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2yM*(1 — By® + 2eByd) — (v — DI + CyY? — 2:C¥{[(1 — BEY'2/B] + 8]
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) =

v(v + DMl + Cl¥* — 264{[(1 — BEYY2/B] +5{]}

X

{[7 — DM2(1 — By* + 2eByd) + 2[1 + Cy? — 2Cy{[(1 — BE)YYV?/B] + 5}]}Y (108)
(v + DM*Q1 — BY* + 2¢/B6)

where M is the freestream Mach number. For the singular case of a parabolic shock wave (B = 0, C = 1), the expressions for

p, ¥, ¥, at n = 1 and for f are

(v + DM — 2¢8)

P

7 Yy + DI + ¥* — 246 + & — ¥4/2)]

T (v — DM — 268 + 2(1 + &)
Y=E+e0+3— 8/2
_ 2yM(1 = 26f) — (v — DL+ ¥ — 260(6 — 3 — ¥¥/2)]

¥ =p(E+ € at =1 (9b)

{(’Y — DM — 2¢f) + 2[1 + ¢* — 2e¥(8 + § — ¢¥*/2)]

The boundary condition at the body is
¢=0 at 7 =7 (1)

The method of solution essentially consists of separation of
variables in Eqgs. (8-11) by expanding the dependent variables
in double McLaurin series about the shock axis of symmetry,
£ = 0, and about e = 0. Only first-order terms in € are re-
tained. This leads to ordinary differential equations with
corresponding boundary conditions for unknown functions of
n which can be solved only by truncating the series. The re-
sulting equations are integrated readily by standard numerical
methods. The forementioned procedure will now be carried
out.

Set

¥ = fo(mE + fu(m& + fuln & + 0(&) +
elfuln) + fu(mME + fu(n)E + 0(E)] + 0(eh)  (12a)

[y = /(v + Dlp = goln) + ga(mE +
goo(m) E* + 0(&%) + elgo(mé + gu(m & +
(& 4+ 0(8H] + 0(e®) (12b)

The first subscript on the functions of 5 is 0 for the zero angle
of attack portion of the solution and 1 for the angle of attack
portion, and the second subscript indicates the position of the
term in its respective series. The forms of these expansions
are ascertained readily by consideration of the initial condi-
tions.

Expansions (12a) and (12b) are substituted into the dif-
ferential Eqgs. (8) and boundary conditions (9-11). Equating
coeflicients of like powers of & and e results in successive prob-~
lems for foo,g’oo, Jo1; foo,goo,fm,gm,gm; ete. Thus the zero-order
problem for foo and gy involves two equations that also contain
ga; the first order problem for fu,ge,for,g0 involves four equa-
tions that also contain go; and so forth. A similar pattern
occurs in the successive equations for the angle-of-attack
functions. This “backward influence” of go, 1 in the nth-order
problem is due to the ellipticity of the differential equations in
the subsonic region and is a mathematical manifestation of the
physical fact that disturbances are propagated in all directions
in a subsonic flow. This mathematical behavior may be con-
trasted, for example, with that of the equations determining
the coefficients of the Blasius-series solution to the parabolic
equations governing the laminar boundary layer on a blunt
body. Substitution of the Blasius series into the governing
differential equation and equating coefficients of like powers
results in equations for the series coefficients which involve
only one coefficient or depend only on lower-order coefficients,
and hence may be solved successively.

Now return to the problem under consideration. To solve
the nth-order zero-angle problem for foo,for, - - -, for a0d goo,gor,

.+, fon, Some determination must be made of go.i1. The

(v + DML — 26 {aom

simplest thing to do is to truncate the series by setting go.1
identically equal to zero. The resulting equations may then be
integrated. It is found that the differential equations for fo
and g are nonlinear, whereas the equations for succeeding
terms in the zero-angle series are linear. The equations for all
the angle-of-attack functions are linear and contain co-
efficients that depend on the zero-angle solution. Integra-
tion is terminated and the body shape determined by the
boundary condition (11). For the angle-of-attack problem,
this condition also determines §. As an illustration of the
procedure, the equations and boundary conditions for the
first- and second-truncation problems for a parabolic shock
wave at M = « are presented in Ref. 9.

2. Three-dimensional flow

In contrast to the plane-flow case, the continuity equation is
satisfied by the introduction of a pair of stream functions, ¥,
and ¥, according to

pg = Vi X Vb (13)

The use of such a pair of functions in this manner was intro-
duced by Clebsch.0
The entropy-conservation equation, (5¢), then states that

p/p" = g(¢, ¥) (14)

where the functional form of ¢ is to be determined from the
boundary conditions at the shock wave. Insertion of Egs.
(13) and (14) into Eqgs. (5b—5d) results in coupled partial dif-
ferential equations for ¥, ¥, and p. These equations are given
in Ref. 9.

In consideration of the initial conditions at the shock wave,
a few words are in order regarding the stream functions
¥, and ¥.. These functions possess a degree of arbitrariness
in that it is required only that the surfaces ¥1(&,7,¢) = const
and ¥s(&,m,0) = const be stream surfaces, that is, surfaces in
which streamlines are imbedded. The intersections of these
surfaces are then streamlines. If one considers a uniform
stream for simplicity, there are any number of pairs of surfaces
which can be set up to satisfy this requirement. For example,
one such pair consists of orthogonal or skewed planes.
Another is concentric circular cylinders and orthogonal planes
through the common axis of the cylinders. If, however, one
considers axisymmetric flow in a (&,7,¢) coordinate system
and chooses for ¥, the azimuthal angular coordinate ¢, then ¥,
is the familiar Stokes stream function. Hence, since the small
angle of attack is being considered, it is reasonable to perturb
Y2 about ¢, and ¢, about the Stokes function.

Consider Fig. 2. A shock wave that is a paraboloid of revo-
Iution at angle € to the uniform freestream is depicted there.
A line at angle e through a known point on the z axis (e.g.,
central point of a hyperboloid, focus of a paraboloid, center
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Fig.3 Variation of reduced stream function y/¢ and den-
sity along the axis; circular shock, M = «, v = 1.4

of a sphere, point of intersection of major and minor axes of
an ellipsoid) is chosen as reference from which the distance to
the body streamline ahead of the shock is measured. Con-
centric circular eylinders about ¢; = 0 and planes of angle 8 =
const are chosen for the stream surfaces ahead of the shock
(see Sec. A-A of Fig. 2). With ¢, and - defined in this man-
ner, the initial conditions may be obtained.®
The boundary condition at the body is simply

Y1=20 atn = n, (15)

The method of solution is essentially the same as for plane
flow. Separate variables by setting

2¢; = fo(mE 4+ fuln) & + fuln) & + 0(8) +
& coso[fio(n) & + fu(n) £ + fuln) £ 4 0(6)] + 0(e*  (16a)

Yo = ¢ + esing{ [ho(n)/&] + hu(n)é +
Paa(n) £ + O(£)} + 0(e?)  (16b)

(v = 1)/(y + Dlp = goo(n) + gau(m) & + goo(m) E* +-
0(&) + e coselgu(m & + gu(n) £ +
gu(n) & 4 0(&)] + 0(e)  (16¢)

Again, after one substitutes these expansions into the govern-
ing equations and boundary conditions and equates coefli-
cients of like powers of £ and e, the series must be truncated to
obtain a solution. Asin the plane-flow case, the equations for
foo and go are nonlinear, and succeeding equations for the
other unknown functions of 7 are linear, with the equations
for the angle-of-attack functions having variable coefficients
depending on the zero-angle solution. The body boundary
condition, Eq. (15), is applied in a similar manner as outlined
for plane flow.?

3. Sonic lines and surface pressure distributions

In addition to body shapes, sonic lines and surface pressure
distributions out to the sonic line were calculated to investi-
gate convergence of the series expansions away from the axis.
The mathematical details of obtaining these quantities will
now be presented.

The energy-conservation equation for a perfect gas may be
written as

Yy P, & Y Po , G
—_—— e == = A 17
y—15p 2 yv—-1p, 2 an
where barred quantities represent dimensional physical quan-
tities. This becomes, after suitable nondimensionalization,

2 [2+(7—1)M2p

e

2 =
M, T3
where M is the local Mach number of the flow in the shock
layer. On the sonic line, the local Mach number is unity.

Furthermore, the mass- and entropy-conservation equations
yield p = p¥f(¥) (plane flow) and p = p7g(Y1,¥») (three-dimen-
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sional flow). Putting this information into Eq. (18) yields

2+ Gy -DMp T vy +1 o

2yM? W) 2
24 (v - DM T vy 41
2y M? 9(¥1, %) 2

0) (19a)

v =1 (19b)

Introduction of f or ¢ in terms of the series expansions for ¢, ¢,
and ¥, yields equations that, for a given truncation, are alge-
braic expressions for £ in terms of functions of . Selection
of values of 5 between the shock and body allows correspond-
ing values of £ to be calculated, thus determining points on the
sonic line.

The equations for surface pressure distributions are ob-
tained by using

p = oY) =0
p = p (Y1, ¥) =1 (14

Again, substituting appropriate expansions for p, f, and ¢
vields p(&,m,v¢;e). Use of known values of 7 and »e on the
body allows the pressure to be calculated in any given trunca-
tion.

I

III. Results and Discussion

A. Infinite Mach Number
1. Zero angle of attack

To examine the convergence of the series expansions for the
stream functions and density, zero-angle-of-attack results will
be presented initially. From consideration of the simplifica-
tions brought about in the equations and boundary conditions,
the freestream Mach number is taken to be infinite and the
shock shape to be a portion of a circle and a parabola. Bodies
supporting shock waves that are portions of a sphere and
paraboloid of revolution are considered also in Ref. 9. The
specific heat ratio vy is taken to be 1.4.

0.7
SHOCK
0.6}
——— NUMERICAL: NASA CASE MDF
©,0 SECOND TRUNCATION
2,80 THIRD TRUNCATION
05— A, FOURTH TRUNCATION

0 @0
[}

0.2

0.1

J
0.4 0.5

o 0.1 0.2 0.3
X

Fig. 4 Comparison of body shapes and sonic lines;
circular shock, M = o,y = 1.4
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Fig. 5 Variation of reduced stream function ¥/ and
density along the axis; parabolic shock, M = «, v = 1.4

The first four truncation problems have been solved for the
circular shock, whereas the first three truncation problems
have been calculated for the parabolic shock wave. The
numerical integration of the ordinary differential equations for
the unknown functions of n was accomplished using a fourth-
order Runge-Kutta-Gill method.!* The computations were
carried out on an IBM 7090 electronic computing machine at
Lockheed Missiles and Space Company, Sunnyvale, Calif.
Machine times of 2 to 3 min were required for each case.

Results on and away from the axis are compared with
numerical solutions obtained using the inverse method de-
veloped by Van Dyke! and refined by Fuller.!? Convergence
on the axis is extremely rapid, truncation at three terms giving
the stagnation-point density correct to five significant figures
and the standoff distance to four significant figures as deter-
mined by comparison of the parabolic shock solution with
Garabedian’s results.’* Convergence away from the axis is
somewhat less rapid, as is to be expected from the form of the
expansions. The term convergence is used here in the sense
that, whenever two successive truncation solutions yield
values for a physical quantity identical in three or more sig-
nificant figures, it is said that the quantity has converged.
Nothing can be said about convergence of the assumed series
in the strict mathematical sense, since the functional form of
the series coefficients is not known explicitly.

Results for the circular and parabolic shock waves are given
in Figs. 3-6. Figures 3 and 4 apply to the circular shock. In
Fig. 3, the convergence of the reduced stream functiony/ £ and
the density function (y — 1)p/(y + 1) along the axis (£ = 0)
is examined, and the results of truncating the series for  and p
at one, two, three, and four terms are compared with numeri-
cal solutions. As previously mentioned, convergence is ex-
tremely rapid for both the density and stream funection, the
differences between the second, third, and fourth truncations
being indiscernible to the scale of the plot. The standoff dis-
tance referred to the shock nose radius A/R, is determined to
be 0.1895 by the second truncation and 0.1899 by the third
and fourth truncations. This converged result is smaller than
the value of 0.1912 determined by NASA case MDFT and
larger than the value of 0.1880 determined by NASA case 34.
[These values for standoff distance are obtained using that
value of 4 at which fy goes to zero, along with Eq. (2d).] The
method of solution for NASA case MDF contains a smoothing
process,'? whereas that for case 34 does not. As pointed out
in Ref. 12, the smoothing process has the effect of increasing
standoff distance. Comparison of the two NASA results with
the converged value leads to the conclusion that the NASA
data are not sufficiently accurate to be used as an absolute
basis of comparison. This point will be borne out further as
other physical quantities are considered.

Figure 4 compares sonic lines and body shapes as determined
from the second, third, and fourth truncations with the results

1 NASA results for cases MDF, MDD, RS1, and RS4 are the
courtesy of Ames Aeronautical Laboratory (unpublished).
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Fig. 6 Body shapes and sonic lines; parabolic shock,
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of NASA case MDF.. The sonic line determined by the first
truncation is a circle having a radius of 1.593 and center at
z = 1, r = 0, whereas the first-truncation body determined
by the numerical integration is the point = 1, = 0. Note
that the first-truncation sonic line lies ahead of the shock.
This result is obtained by analytic continuation of the solu-
tion upstream of the shock wave and is, of course, physically
unrealizable, since the flow ahead of the shock is uniform at
infinite Mach number. Comparison of the body shapes de-
termined by truncating the series at three and four terms indi-
cates convergence beyond the sonic point to a shape other
than the NASA result. The sonic line, however, has not con-
verged, and retention of higher-order terms would be required
to determine its exaect location.

Tigures 5 and 6 apply to a parabolic shock. The results of
truncation at one, two, and three terms for the reduced stream
function and density function along the axis are compared
with both NASA results and Garabedian’s solution’® in Fig. 5.
Results for the circular shock have indicated that the NASA
data lack sufficient accuracy to be used as an absolute basis for
comparison and that the method under consideration possesses
internal consistency. The question of convergence to the
correct solution may be answered by comparison with Gara-
bedian’s result for a parabolic shock at infinite freestream
Mach number. Garabedian claims 0.19, accuracy for his
standoff distance of 0.18516. Truncation at three terms yields
a standoff distance of 0.18514, thus indicating at least three,
and perhaps four, significant-figure accuracy for this quantity.

Figure 6 compares body shape and sonic lines as determined
by truncation at one, two, and three terms with NASA
results. For this case, comparison indicates near convergence
of the third truncation result for both quantities.

2. Small angle of attack

The analysis outlined for the angle-of-attack problem has
been carried out for shock waves that are parabolas (plane
flow) and paraboloids of revolution (three-dimensional flow).
The first three truncation problems have been solved for each
shock shape. The freestream Mach number is taken to be in-
finite, and v takes on the values 1.4, 1.2, 1.1, 1.05. The re-
sulting body shapes, sonic lines, and positions of the body
streamlines at their points of intersection with the shock wave
are shown in Figs. 7 and 8 for e = 10°, ¥ = 1.4, where a finite
value of € has been selected for graphical purposes and the
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error is 0(e?). For purpose of comparison, body shapes and
sonic lines for a parabolic shock at zero angle are given in Fig.
6. Computing machine times of 5 to 6 min per case were re-
quired since the zero-angle functions appear as coefficients in
the angle-of-attack equations and hence must be stored in the
machine. Also, in certain cases, it was necessary to use very
small step sizes (e.g., Ay = 1074 in order to obtain accurate
values for the quantity 8.

Of particular interest in the angle-of-attack problem is
whether or not the streamline that wets the body crosses the
shock normally, thus having maximum entropy. For this
to be so, the quantity & (see Fig. 2) must have the value §.
The results of the analyses are given in Table 1.

For all cases the trend of decreasing & with increasing
truncation is toward a value of & slightly less than . For the
three-dimensional case, a reversal of this trend in higher
truncations conceivably could result in a value of 3. How-
ever, even if this reversal took place in two dimensions, a con-
verged value would be expected to lie between the second-
and third-truncation values and thus never could be 3.
Hence, the streamline that wets the body passes through the
shock wave slightly above the point where it is a normal
shock. However, as the Newtonian limit process (M — o,
v — 1) is carried out, the trend is toward a value of 3. Hence,
in this limit, when the parabolic and paraboloidal shock and
body coincide, the body is covered by the maximum-entropy
streamline in both the plane and three-dimensional cases.

Since the shock waves possess symmetry about the z axis,
the resulting body shapes are asymmetric to this axis. Con-
sideration of the comparison in Fig. 6 of the third-truncation
body for the parabolic shock at zero angle with the NASA
results and of the results for the circular shock given in Fig. 4
leads to the conclusion that, for symmetric plane flow at M =
«, truncation at three terms yields a nearly converged body
out to the sonic point. Since e is taken as small, it is reasona-
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ble to extend this conclusion to include small angles of in-
cidence. With these factsin mind, and the realization that it is
somewhat impractical to talk about asymmetric shapes from
an experimental or engineering viewpoint, an attempt was
made to find an axis system in which that portion of the two-
dimensional body given by the third truncation (Fig. 7) out
to the sonic points could be approximated closely by a conic
section. An ellipse was fitted by a trial-and-error procedure
in which the positions of the foci and major axis were varied
until points on the ellipse and third-truncation body coincided
to three significant figures.® The ellipse is given by the equa-
tion 2/0.37 4 72/0.28 = 1, where the origin of the (z, 7) axes
isatz = 0.790, r = —0.033, and the Z axis is at angle 14.20°
measured clockwise from the freestream direction. Thus, the
shock wave is seen to rotate about 709 as fast as the body as
the angle of attack is imposed.

B. Finite Mach Number, Zero Angle of Attack

The truncation method of solving hypersonic blunt-body
flows in the subsonic region between the shock wave and body
converges fairly rapidly when the freestream Mach number is
infinite. To investigate the behavior of the method at finite
Mach numbers, specific cases were chosen where comparison
could be made with experimental results and other theoretical
solutions.

Table 1 Values of §

Parabolic Shock, M = o«

Paraboloidal shock, M = o

% ¥
Truncation 1.4 1.2 1.1 1.05 1.4 1.2 1.1 1.05
1 1518.0 8417.0 88.00 37.48 25.79 —1.34

2 0.4838 0.4935 0.4974 0.4990 0.5576 0.5394 0.5190 0.5042

3 0.4768 0.4908 0.4966 0.4988 0.4871 0.4950 0.4984 0.5004
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Results are presented for spherical bodies at M = 4.76 and
1.851in Figs. 9 and 10 and are compared with experimental data
of Xendall,!* and theoretical solutions are obtained using the
modified Van Dyke method*? for axisymmetric flow. Figure
11 compares the solutions generated by a hyperbolic shock
wave at M = 5.8 with results obtained by Garabedian and
Lieberstein’® and by the modified method of Van Dyke.
Figure 12 compares body shapes and sonic lines for flow at
M = 4.0 about an oblate ellipsoid of revolution having an axis
ratio of 3 to 2 with results of the direct method of Belotserkov-
skii’® and the modified Van Dyke method.

Solutions to the problems that result when the series ex-
pansions for the stream function and density are truncated at
one, two, three, and four terms are presented for the sphere
at M = 4.76. However, since the first-truncation results are
known qualitatively (body an n = const line, sonic line ahead
of the shock, surface pressure constant at the stagnation
value), they are not included in the results at M = 1.85, 5.8,
and 4.0. The second-, third-, and fourth-truncation problem
solutions are presented for these cases.

Figure 9 compares body shapes and sonic lines for the M =
4.76 case. Note that the body shape is converged well beyond
the sonic point in the third truncation and that the fourth
truncation yields nearly a hemisphere, whereas the body ob-
tained by the modified Van Dyke method departs sharply from
a sphere just beyond the sonic point. Recall that similar be-
havior of the Van Dyke solutions was observed in the M = «
cases. Further note the good agreement among the fourth-
truncation sonic line and the experimental and Van Dyke
sonic lines.

Since the Mach number terms in the differential equations
and boundary conditions are 0(1/M?), calculations at M =
4.76 do not provide a very severe test for the truncation
method. Hence, an attempt was made to obtain a sphere at
M = 1.85. Figure 10 shows the resulting body shapes and
sonic lines determined from the second-, third-, and fourth-
truncation problems and compares them with the results of
Van Dyke and Kendall. Worthy of attention in this figure
are three things. First, note the large differences in standoff
distances given by the three results and that the standoff dis-
tance obtained by the truncation method is closer to the ex-
perimental value than is that of the Van Dyke method.
Second, note that the fourth-truncation body is a sphere for
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greater distance beyond the sonic point than is the Van Dyke
body. (This apparent superiority of the truncation method
over that of Van Dyke may, of course, be of little practical
significance, since the body shape downstream of the last point
from which the left running characteristic intersects the sonic
line has no effect on the subsonic flow.) Third, note the sonic
lines and the fact that the fourth-truncation line more nearly
parallels the experimental sonic line than the Van Dyke result.
Figure 11 compares body shapes and sonic lines with the re-
sults of Garabedian and Lieberstein and Van Dyke. There is
close agreement for both quantities among the fourth-trunca-
tion results and those to which they are being compared.
Figure 12 compares body shapes and sonic lines with results
of the modified Van Dyke method and the direct method of
Belotserkovskii. To the scale of the plot, the shock waves
necessary to produce the 3:2 ellipsoid by the fourth-trunca-
tion and Van Dyke methods are identical to those obtained by
Belotserkovskii up to a substantial distance beyond the sonic
line. However, the Van Dyke body deviates (to the scale of
the plot) from a 3:2 ellipsoid before the sonic point is reached,
and the fourth-truncation sonic line shows closer agreement
with that of Belotserkovskii than does the sonic line obtained

. by the Van Dyke method.

IV. Conclusions

A semi-analytical, semi-numerical method of analysis has
been developed and successfully applied to the problem of
two- and three-dimensional hypersonic flow past blunt bodies
at small angles of attack.

Solutions at zero angle of attack are obtained as a special
case of the general problem. Standoff distances are predicted
to higher accuracy than by any other existing method in pop-
ular use.

For a shock wave that is a parabola or paraboloid of revolu-
tion at angle of incidence to a uniform freestream having in-
finite Mach number and v = 1.4, the streamline that wets the
body passes through the shock wave slightly above the point
where it is a normal shock wave. Hence, the body is not
covered by the maximum-entropy streamline in these cases.
In the Newtonian limit (M = «, v = 1), the parabolic or



1042 R. J. SWIGART

0.7
(o]
SHOCK o
06 |-
o O
0.5 [—
04
- GARABEDIAN 8 LIEBERSTEIN
———~=MODIFIED VAN DYKE
03— ©,0 SECOND TRUNCATION
B8 THIRD TRUNCATION
O,9 FOURTH TRUNCATION
02 |-
o
o | |
o ot 0.2 03 0.4 0.5

X

Fig. 11 Comparison of body shapes and sonic liness
B=1/(M*~-1),» =10, M = 58,y = 1.4

paraboloidal body is wetted by the maximum-entropy
streamline. For a parabolic shock at infinite Mach number,
v = 1.4, the shock wave rotates more slowly than the body as
angle of attack is imposed.
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